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In this paper, a simple and accurate method is presented to determine deformations and stresses in thick-walled

cylindrical vessels made of functionally graded materials under internal pressure and uniform temperature. The

governing equation with the consideration of varying Young’s modulus and thermal expansion coefficient along the

radial direction is derived from the basic equations of axisymmetric plane strain problems in elasticity. The

comparison with the corresponding numerical solution indicates that the proposed solution has excellent

convergence and accuracy. The effects of the coefficients, which affect Young’s modulus and the thermal expansion

coefficient, on the deformation and stresses in thick-walled cylindrical vessels are investigated.

Nomenclature

a1, a2, bj, cj = unknown constants
c, d = constants
E = Young’s modulus of functionally graded

material
Ei = Young’s modulus of functionally graded

material at ri
Ej = Young’s modulus of the jth concentric circular

ring
ENi, ETiC = Young’s moduli of Ni and TiC
e0, e1, e2 = coefficients determining the variation of

Young’s modulus
H�c; d; z�,
I�c; d; z�

= independent solutions

J�c; d; z�,
K�c; d; z�,
L�c; d; z�

= unknown functions

M = compositional distribution exponent
N = total number of concentric circular rings
p = applied internal pressure
q = constant
r = radial coordinate
ri, ro = inner and outer radii of the cylindrical vessel
rj = inner radius of the jth concentric circular ring
u = radial displacement
�u = dimensionless radial displacement
uj = radial displacement of the jth concentric

circular ring
VNi, VTiC = volume fractions of Ni and TiC
v1�c; d; z�,
v2�c; d; z�

= unknown functions

z = variable related to the radial coordinate r

z1 = value of variable z at the radial coordinate ri
� = thermal expansion coefficient of functionally

graded material
�j = thermal expansion coefficient of the jth

concentric circular ring
�Ni, �TiC = thermal expansion coefficients of Ni and TiC
�0, �1, �2 = coefficients determining the change of the

thermal expansion coefficient
�r = thickness of each concentric circular ring
�T = uniform temperature change
"r, "�, "z = radial, circumferential, and axial strains
� = Poisson’s ratio
�j = Poisson’s ratio of the jth concentric circular

ring
� = stress–strain transfer ratio
�r, ��, �z = radial, circumferential, and axial stresses
~�r, ~~�r = complementary solution and particular solution
��r, ���, ��z = dimensionless radial, circumferential, and axial

stresses
�jr , �

j
�, �

j
z = radial, circumferential, and axial stresses in the

jth concentric circular ring
�1r , �

N
r = radial stress at the inner and outer radii of the

cylindrical vessel, respectively

Introduction

A S A basic form of structural components widely used in many
engineering applications, accurate prediction of deformation

and stresses of thick-walled cylindrical vessels is essential to ensure
specified performance requirements under various mechanical and
thermal loading conditions. In past decades, solutions to elastic
behavior of thick-walled cylindrical vessels were well-established,
particularly for homogenous materials. In recent years, research
interests have been focused on elastic–plastic analysis methods in
evaluating thick-walled cylindrical vessels. Using Tresca’s yield
criterion, Bland [1] obtained the solution of stresses, strains, and
displacements in a thick-walled tube with working-hardening
material subjected to internal and external pressures and different
temperatures. With Hencky’s deformation theory and von Mises’s
yield criterion, Gao [2] derived a closed-form analytical solution to
determine displacements, strains, and stresses in an internally
pressurized open-ended thick-walled cylinder made of a strain-
hardening material. By introducing large strain theory, it was also
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possible to obtain an exact elastoplastic analytical solution of thick-
walled cylinders under internal pressure [3]. Modeling material
behavior by a finite strain elastoplastic flow theory, Durban andKubi
[4] presented a general solution of pressurized elastoplastic tubes.
Using a rate-independent plasticity theory and including kinematic
and isotropic hardening effects, Bonn and Haupt [5] developed an
exact solution to describe finite elastic–plastic deformations and
stresses in thick-walled tubes. Sayir and Motavalli [6] investigated
stress and deformation fields in a fiber-reinforced composite tube
under uniform internal pressure. Kandil et al. [7] proposed a
numerical approach to analyze thermal stresses within a thick-walled
cylinder under dynamic internal temperature gradient. With a
numerical model based on forward finite difference technique,
Kandil [8] also determined time-dependent stress distributions in
thick-walled cylindrical pressure vessels subjected to cyclic internal
pressure and temperature. Based on a second-gradient elastoplastic
model developed to regularize the ill-posedness caused by material
strain softening behavior, Zervos et al. [9] modeled the progressive
localization of deformation in thick-walled cylinders. Zhao et al. [10]
presented a technique involving two parametric functions and
piecewise linearization of the stress–strain curve to carry out elastic–
plastic analysis of a thick-walled elastic–plastic cylinder.

With the advantage of spatially distributed material properties for
enhanced performance particularly in thermal properties, corrosion,
and fracture resistance, functionally graded materials have been
increasingly used in the design and construction of thick-walled
cylindrical vessels for different applications. Because of this reason,
research into functionally graded structural components such as
cylindrical vessels has been reportedmore frequently in recent years.
For example, Finot and Suresh [11] examined effects of layer
geometry, plastic flow, and compositional gradation on small and
large deformations in multilayered materials during temperature
excursions. Afsar and Sekine [12] proposed a solution method to
evaluate optimum material distributions for prescribed apparent
fracture toughness in thick-walled functionally graded material
circular pipes. Ma and Wang [13] investigated axisymmetric large
deflection bending and postbuckling of a functionally graded circular
plate under mechanical and thermal loadings. Liew et al. [14]
presented an analysis of thermomechanical behavior of hollow
circular cylinders made of functionally graded materials. Chen [15]
performed elastic calculations of a cracked cylinder of functionally
graded materials. You et al. [16] carried out elastic analysis of thick-
walled spherical pressure vessels consisting of functionally graded
material systems subjected to internal pressure.

Because of varying material properties, the governing equations
describing deformation and stresses of functionally graded thick-
walled cylindrical vessels are difficult to solve analytically.
Partitioning the cylinder into a series of concentric circular rings is a
common approach to obtain approximate solutions through
numerical computation. Because of the requirement for data
preparation and program implementation, such a procedure may not
be themost attractive or efficient for design evaluation and validation
purposes. Therefore, in this paper, we develop a simple and accurate
solution to predict the deformations and stresses occurring in
functionally graded cylindrical vessels under internal pressure and
uniform temperature change. Such an approach is useful for
engineering problems, especially at the preliminary design stage. To
achieve this, first we start with the basic theory of axisymmetric
elastic deformation under plane strain conditions to develop an
analytical solution for a nonhomogenous second-order ordinary
differential equation. We then verify the derived analytical solution
with numerical results of a cylindrical vessel made of a particular
functionally graded material. Finally, we examine how different
material properties affect deformation and stresses in functionally
graded thick-walled cylindrical vessels subjected to internal pressure
and uniform temperature change.

Basic Equations and Analytical Solution

When subjected to an internal pressure, under uniform
temperature conditions, the deformation of the cylindrical vessel is

assumed axisymmetric. When the cylindrical vessels are long
enough, the plane strain condition may be assumed as well.
Therefore, there is only a radial displacement component in the
cylindrical vessels, which results in radial and circumferential strain
components and radial, circumferential, and axial stress components.
For most functionally graded materials, the material properties such
asYoung’smodulus and thermal expansion coefficient are a function
of composition distribution. In this paper, both of the material
properties are expressed by exponential functions of the radial
coordinate of the thick-walled cylinder. For many engineering
materials, Poisson’s ratio is within the range from 0.25 to 0.35 and
the variation in value is relatively small. Thus, Poisson’s ratio is
assumed to be constant and an average value is taken in this paper.

In thick-walled cylindrical vessels under internal pressure and
uniform temperature change, the total radial, circumferential, and
axial strains in the cylindrical vessel can be described by the
following equations:

"r � 1
E
��r � ���� � �z�� � ��T (1a)

"� � 1
E
��� � ���r � �z�� � ��T (1b)

"z � 1
E
��z � ���r � ���� � ��T (1c)

With the assumption of the plane strain condition, the axial strain
disappears (i.e., "z � 0). Substituting it into Eq. (1c), the axial stress
may be expressed in terms of radial and circumferential stresses as
follows:

�z � ���r � ��� � E��T (2)

Substituting the preceding equation into Eqs. (1a) and (1b), the
relations between the strains and stresses become

"r � 1
E
��1 � �2��r � ��1� ����� � �1� ����T

"� � 1
E
��1 � �2��� � ��1� ���r� � �1� ����T

(3)

Because of the axisymmetric deformations, the stresses in thick-
walled cylindrical vessels are also axisymmetric. The stress
equilibrium equation can be written as

�� � �r � r
d�r
dr

(4)

Substituting Eq. (4) into Eq. (3), the radial and circumferential strains
are represented in terms of the radial stress using the following
equations:

"r �
1� �
E

�
�1 � 2���r � �r

d�r
dr

�
� �1� ����T

"� �
1� �
E

�
�1 � 2���r � �1 � ��r

d�r
dr

�
� �1� ����T

(5)

The preceding radial and circumferential strains are related to the
radial displacement through the following geometric relationships:

"r �
du

dr
; "� �

u

r
(6)

The deformation compatibility equation is reached by eliminating
the radial displacement u from the preceding equation and has the
form of

r
d"�
dr
� "� � "r � 0 (7)

For functionally graded cylindrical vessels, the material properties
are functions of the radial coordinate r. Substituting Eq. (5) into
Eq. (7) and taking into account the variations of Young’s modulus
and thermal expansion coefficient along the radial direction, the
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governing equation, in terms of radial stress and its first derivative, is
found to be

r
d2�r
dr2
�
�
3 � r

E

dE

dr

�
d�r
dr
� 1 � 2�

�1 � ��E
dE

dr
�r �

E

1 � ��T
d�

dr
� 0

(8)

Equation (8) can be solved by using numerical methods such as that
given in [17]. For some specific variations of Young’s modulus and
thermal expansion coefficient, Eq. (8) can be solved analytically.

There have been some assumed variations of material properties
for functionally graded materials in existing literature [11]. Here, we
use the following equations to describe the variations of Young’s
modulus and the thermal expansion coefficients of cylindrical
vessels:

E� e0ee1�e2r; �� �0e�1��2r (9)

Substituting Eq. (9) into Eq. (8), the following nonhomogeneous
second-order ordinary differential equation is obtained:

r
d2�r
dr2
� �3 � e2r�

d�r
dr
� 1 � 2�

1 � � e2�r

� e0�0�2
1 � � e

e1��1��e2��2�r�T � 0 (10)

Introducing a new variable, z,

z� e2r (11)

Equation (10) is transformed into

d2�r
dz2
� d � z

z

d�r
dz
� c
z
�r ��

e0�0�2
�1 � ��e2z

ee1��1�
e2��2
e2

z
�T (12)

where

d� 3; c� 1 � 2�

1 � � (13)

One independent solution of the associated homogeneous
differential equation of Eq. (12) is [18]

H�c; d; z� � �c�0 �
�c�1
�d�1

z� �c�2
2!�d�2

z2

� �c�3
3!�d�3

z3 � � � � � �c�n
n!�d�n

zn � � � � (14)

where

�q�0 � 1; �q�n � q�q� 1��q� 2� � � � � � �q� n � 1�
�q� c; d; n� 1; 2; 3; . . .� (15)

According to the theory of second-order ordinary differential
equations, the other independent solution of the associated
homogeneous differential equation of Eq. (12) can be constructed as

I�c; d; z� �H�c; d; z�J�c; d; z� (16)

where

J�c; d; z� �
Z
z

z1

z�dez

H2�c; d; z� dz (17)

and z1 � e2ri.
The complementary solution of the associated homogeneous

differential equation of Eq. (12) is a linear combination of the
preceding two independent solutions; that is,

~� r �H�c; d; z��a1 � a2J�c; d; z�� (18)

The particular solution of nonhomogeneous second-order ordinary
differential equation (12) can be constructed as

~~� r � v1�c; d; z�H�c; d; z� � v2�c; d; z�I�c; d; z� (19)

InEq. (19), v1�c; d; z� and v2�c; d; z� are two unknown functions that
can be determined by the following two equations:

dv1�c;d;z�
dz

� I�c;d;z�
H�c;d;z�I0�c;d;z�� I�c;d;z�H0�c;d;z�

e0�0�2
�1���e2z

	ee1��1�
e2��2
e2

z
�T

dv2�c;d;z�
dz

�� H�c;d;z�
H�c;d;z�I0�c;d;z�� I�c;d;z�H0�c;d;z�

e0�0�2
�1���e2z

	ee1��1�
e2��2
e2

z
�T (20)

where

H0�c; d; z� � dH�c; d; z�
dz

� c
d
H�c� 1; d� 1; z�

J0�c; d; z� � dJ�c; d; z�
dz

� z�dez

H2�c; d; z�

I0�c; d; z� � dI�c; d; z�
dz

� c
d
H�c� 1; d� 1; z�J�c; d; z�

� z�dez

H�c; d; z�

(21)

Substituting Eq. (21) into Eq. (20) and integrating from z1 to z, the
unknown functions v1�c; d; z� and v2�c; d; z� are described in the
following equation:

v1�c; d; z� �
e0�0�2�T

�1 � ��e2

Z
z

z1

H�c; d; z�zd�1ee1��1�
�2
e2
z
J�c; d; z�dz

v2�c; d; z� � �
e0�0�2�T

�1 � ��e2

Z
z

z1

H�c; d; z�zd�1ee1��1�
�2
e2
z
dz

(22)

Substituting Eq. (22) into Eq. (19) and introducing notations

K�c; d; z� �
Z
z

z1

H�c; d; z�zd�1ee1��1�
�2
e2
z
dz

L�c; d; z� �
Z
z

z1

H�c; d; z�zd�1ee1��1�
�2
e2
z
J�c; d; z�dz

(23)

the particular solution of Eq. (12) is obtained and has the form of

~~� r �
e0�0�2�T

�1 � ��e2
H�c; d; z��L�c; d; z� � J�c; d; z�K�c; d; z�� (24)

Superimposing Eq. (24) on Eq. (18) and making use of Eq. (11), the
general solution of nonhomogeneous second-order ordinary
differential equation (12) is found to be

�r �H�c; d; e2r�
�
a1 � a2J�c; d; e2r�

� e0�0�2�T�1 � ��e2
�L�c; d; e2r� � J�c; d; e2r�K�c; d; e2r��

�
(25)

Substituting Eq. (25) into Eq. (4), the circumferential stress is
determined by

2792 YOU, OU, AND LI



�� � a1
�
H�c; d; e2r� �

ce2r

d
H�c� 1; d� 1; e2r�

�

� a2fJ�c; d; e2r�
�
H�c; d; e2r� �

ce2r

d
H�c� 1; d� 1; e2r�

�

� �e2r�
1�dee2r

H�c; d; e2r�

�
� e0�0�2�T�1 � ��e2

��
H�c; d; e2r�

� ce2r
d
H�c� 1; d� 1; e2r�

�
�L�c; d; e2r�

� J�c; d; e2r�K�c; d; e2r�� �
�e2r�1�dee2r
H�c; d; e2r�

K�c; d; e2r�
�

(26)

Substituting the radial stress equation (25), the circumferential stress
equation (26), and material properties equation (9) into Eq. (2), the
axial stress is written as

�z�a1�
�
2H�c;d;e2r��

ce2r

d
H�c� 1;d� 1; e2r�

�

�a2�fJ�c;d;e2r�
�
2H�c;d;e2r��

ce2r

d
H�c� 1;d� 1; e2r�

�

��e2r�
1�dee2r

H�c;d;e2r�

�
� �e0�0�2�T�1� ��e2

��
2H�c;d;e2r�

� ce2r
d
H�c� 1;d� 1; e2r�

�
�L�c;d;e2r�

� J�c;d;e2r�K�c;d;e2r���
�e2r�1�dee2r
H�c;d;e2r�

K�c;d;e2r�
�

� e0�0�Tee1��1��e2��2�r (27)

Substituting Eqs. (25–27) into Eq. (1b), the circumferential strain is
obtained. Substituting it into the second equation of Eq. (6), the radial
displacement is given by

u� �1� ��r
e0e

e1�e2r

�
a1

�
�1� 2��H�c;d;e2r�

� �1� ��ce2r
d
H�c� 1;d� 1; e2r�

�

�a2
��
�1� 2��H�c;d;e2r�

� �1� ��ce2r
d
H�c� 1;d� 1; e2r�

�
J�c;d;e2r�

� �1� �� �e2r�
1�dee2r

H�c;d;e2r�

�
� e0�0�2�T�1� ��e2

��
�1� 2��H�c;d;e2r�

� �1� ��ce2r
d
H�c� 1;d� 1; e2r�

�
�L�c;d;e2r�

� J�c;d;e2r�K�c;d;e2r��� �1� ��
�e2r�1�dee2r
H�c;d;e2r�

K�c;d;e2r�
��

��1� ���0�Tre�1��2r (28)

Subject to internal pressure and uniform temperature change, the
boundary conditions of thick-walled cylindrical vessels are

r� ri; �r ��p; r� ro; �r � 0 (29)

Introducing Eq. (25) into Eq. (29) and solving for the unknown
constants a1 and a2, the following equations are obtained:

a1��
p

H�c;d;e2ri�

a2�
�
p� e0�0�2�T�1� v�e2

H�c;d;e2ri��L�c;d;e2ro�

� J�c;d;e2ro�K�c;d;e2ro��
�
�H�c;d;e2ri�J�c;d;e2ro���1 (30)

Substituting a1 and a2 into Eqs. (25–28), all stresses and radial
displacement in thick-walled cylindrical vessels are determined.

To examine the correctness of the proposed approach, a simple
numerical method is briefly introduced here. First, we uniformly
divide a thick-walled cylindrical vessel into N concentric circular
rings. Young’s modulus and thermal expansion coefficient of each
ring are assumed to be constants and taken from the middle of the
ring. Because �dE=dr� � �d�=dr� � 0 for each ring, Eq. (8)
becomes

r
d2�r
dr2
� 3

d�r
dr
� 0 (31)

Solving Eq. (31), the radial stress is obtained. The circumferential
and axial stresses are determined by Eqs. (2) and (4), respectively.
Then, the radial displacement can be derived from Eqs. (1) and (6).
For the jth ring, these quantities have the forms of

�jr ��0:5bjr�2 � cj; �j� � 0:5bjr
�2 � cj

�jz � 2�jcj � Ej�j�T

uj �
1� �j
Ej
�0:5bjr�1 � �1 � 2vj�cjr� � �1� vj��j�Tr

(32)

The boundary conditions of thick-walled cylindrical vessels and the
continuity conditions of radial displacement and stress between
adjacent rings are

r� ri; �1r ��p; r� rj; �jr � �j�1r ; uj � uj�1

r� ro; �Nr � 0 �j� 1; 2; 3; � � � ; N � 1�
(33)

where

rj � ri � j�r; �r� ro � ri
N

(34)

Substituting Eq. (32) into Eq. (33), 2N linear algebraic equations are
obtained and the solution to the 2N linear algebraic equations will
determine the 2N unknown constants bj and cj in Eq. (32).

Numerical Applications

A thick-walled cylindrical vessel made of a TiC–Ni functionally
gradedmaterial under an internal pressure of 200MPa and a uniform
temperature change of 500
C is considered here. The inner and outer
radii of the cylindrical vessel are 0.3 and 0.5 m, respectively.
Young’s modulus, Poisson’s ratio, and the thermal expansion
coefficient are 460 GPa, 0.336, and 7:4 	 10�6=K for TiC and
199.5 GPa, 0.312, and 18 	 10�6=K for Ni, respectively [19]. The
thermal expansion coefficient and Young’s modulus of the TiC–Ni
functionally graded material are determined by the following rule of
mixtures and empirical modified law of mixtures [19,20],
respectively,

�� �NiVNi � �TiCVTic

E� ���� ETiC�=��� ENi�VNiENi � VTiCETiC�
���� ETiC�=��� ENi�VNi � VTiC�

(35)

where

VNi �
�
r � ri
ro � ri

�
M

; VTic � 1 � Vni (36)
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According to [19,20], the stress–strain transfer ratio � and
compositional distribution exponentM can be taken to be 4500MPa
and 0.5, respectively. From Eqs. (9), (35), and (36), the material
coefficients of the functionally graded material are found to be
e0 � 460 GPa, e1 � 1:2531185, e2 ��4:1770615 1=m, �0�
7:4 	 10�6=K, �1 ��1:3333378, and �2 � 4:4444593 1=m.
Poisson’s ratio of the functionally graded material is taken to be
the average value of that of TiC and Ni (i.e., �� 0:324).

Using Eqs. (25–28), dimensionless stress and radial displacement
can be determined using the following equations:

�� r �
�r
p
; ��� �

��
p
; ��z �

�z
p
; �u� uEi

pri
(37)

These dimensionless quantities are given in Figs. 1a and 1b and are
indicated with the subscript capital A followed by the subscripts 2 or
5, standing for n� 2 and n� 5 in Eq. (14). Using Eqs. (32), (33),
and (37) and takingN � 300, the results obtained from the numerical
solution are also depicted in Figs. 1a and 1b and represented with the
capital subscript N. To evaluate the difference in deformation and
stress between varying and constant material properties, the thick-
walled cylindrical vessel of constant Young’s modulus and thermal
expansion coefficient with the same geometric sizes and loads is also
considered here. Young’s modulus and thermal expansion
coefficient of the cylindrical vessel are taken to be the average
values of those at the inner and outer surfaces of the cylindrical vessel
made of the functionally graded material, and the obtained radial
displacement and stresses are shown in Figs. 1a and 1b and are
indicated with the subscript capital C.

It can be seen from Figs. 1a and 1b that Eqs. (25–28) produce
accurate results and that the computations converge quickly. Even
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Table 1 Comparison of stresses and radial displacement results

Stresses and displacement at ri Numerical solution (N � 300) Proposed solution Constant material properties

n� 2 n� 5

��r �1 �1 (0%) �1 (0%) �1 (0%)
��� 4.40681 4.48965 (1.88%) 4.4163 (0.22%) 2.125 (51.78%)
��z �0:598345 �0:571353 (4.51%) �0:595118 (0.54%) �1:72941 (189.03%)
�u 6.63606 6.70077 (0.98%) 6.63512 (0.01%) 5.10324 (23.1%)
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using three terms in Eq. (14), the radial and axial stresses from the
two different approaches are almost identical. Only small
discrepancies of the circumferential stress and radial displacement
in the region near the inner surface can be observed. To quantify the
differences between the two approaches in comparison with the
results obtained with average constant material properties, the radial
displacement and stresses at the inner surface of the cylindrical vessel
from different solutions are given in Table 1, in which the numbers in
the parentheses indicate the errors relative to the numerical solution.

As can be seen from Table 1, when terms in Eq. (14) are increased
from3 (n� 2) to 6 (n� 5), the errors of the circumferential and axial
stresses decrease from 1.88 and 4.51% to 0.22 and 0.54%,
respectively, whereas that of the radial displacement drops from 0.98
to 0.01%. Even only taking three terms in Eq. (14), the maximum
error of the radial displacement and stress results is 4.51% for ��z.

Unlike the axial stress from the functionally graded material,
which varies along the thickness of the cylindrical vessel, the axial
stress in the cylindrical vessel with constant Young’s modulus and
thermal expansion coefficient does not change along the radial
direction, as shown inFig. 1b.Also interesting are the distributions of
the circumferential stress from varying and constant material
properties models, which differ substantially. Compared with that
from the constant material properties model, the circumferential
stress from the varying material properties model is significantly
higher at the inner surface but much lower at the outer surface, as
shown in Fig. 1a. The error of circumferential stress at the inner

surface from the two different material properties models is 51.78%
at the inner surface. The radial displacement results from the two
different material properties models are also noticeably different, as
shown in Fig. 1b. Throughout the whole thickness of the cylindrical
vessel, the radial displacement from the varying material properties
model is always larger in comparison with the constant material
properties model. At the inner surface of the cylindrical vessel, the
error of the radial displacement from the two different material
properties models is 23.1%.

To examine the effect of the coefficient e0 used to define Young’s
modulus on deformation and stress results, all other coefficients
affecting Young’s modulus and thermal expansion coefficient are
kept unchanged except e0, which is set to be 360, 460, and 560 GPa,
respectively. The corresponding dimensionless radial displacement
and stress results are given in Figs. 2a and 2b, in which subscripts 1,
2, and 3 represent e0 � 360, e0 � 460, and e0 � 560 GPa,
respectively.

With the increase of the coefficient e0, there are only minor
changes of the compressive radial stress. The tensile circumferential
stress becomes smaller in the region near the outer surface and greater
in the region near the inner surface, as shown in Fig. 2a. Unlike the
circumferential stress, the compressive axial stress is consistently
greater through the whole thickness of the vessel with the increase of
the coefficient e0. It is noted that the differences in axial stress results
due to different values of e0 are greater toward the outer surface, as
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shown in Fig. 2b. The radial displacement increases with the rise of
the coefficient e0 and the differences in radial displacement due to
different values of e0 become larger from the inner surface to the
outer surface of the cylindrical vessel. It is also clear that the
coefficient e0 has the biggest effect on the radial displacement.

Fixing e0 � 460 GPa and setting coefficient e1 to be�1, 1, and 3,
the calculated results are depicted in Figs. 3a and 3b, in which
subscripts 1, 2, and 3 indicate e1 ��1, e1 � 1, and e1 � 3,
respectively.

As shown in Figs. 3a and 3b, different values of the coefficient e1
have varying effect on the stresses and radial displacement results.
When e1 is increased from �1 to 1, only a small change is observed
for all stress and radial displacement results. However, when e1 is
increased from 1 to 3, there are substantial variations in
circumferential and axial stress as well as radial displacement
results. The relative change of circumferential and axial stresses and
radial displacement at the inner surface are 0.91, 0.85, and 2.33when
e1 increases from �1 to 1. However, these figures reach 6.76, 6.88,
and 17.23 when e1 rises from 1 to 3.

Taking coefficient e2 to be �2, �4, and �6 1=m, respectively,
without changing the other coefficients, the variations of
dimensionless stresses and radial displacement are shown in
Figs. 4a and 4b. In the figures, subscripts 1, 2, and 3 indicate
e2 ��2, e2 ��4, and e2 ��6 1=m, respectively.

It can be seen from the figures that the coefficient e2 also greatly
affects the circumferential and axial stresses and radial displacement

in the cylindrical vessel. In each case, the relative change in
circumferential and axial stresses and radial displacement that occur
by varying the coefficient e2 from�2 to�4 is larger than that which
occurs by changing the coefficient e2 from�4 to�6. In addition, the
influences of coefficient e2 on the circumferential and axial stresses
and radial displacement at the outer surface are more obvious than at
the inner surface.

The effects on how the thermal expansion coefficient affects the
stress and deformation results in the cylindrical vessel are also
evaluated. Taking coefficient �0 in Eq. (9) to be 4:4 	 10�6,
7:4 	 10�6, and 10:4 	 10�6 1=K and maintaining the value of the
other coefficients, the obtained dimensionless stress and radial
displacement results are given in Figs. 5a and 5b, in which subscripts
1, 2, and 3 indicate �0 � 4:4 	 10�6, �0 � 7:4 	 10�6, and
�0 � 10:4 	 10�6 1=K, respectively.

Accompanying the increase of coefficient�0, little change is noted
for the radial stress, as shown in Fig. 5a. The circumferential stress
increases in the region closer to the inner surface and decreases in the
region of the outer surface. The compressive axial stress and radial
displacement increase with the rise of coefficient �0. The relative
variations of stress and radial displacement are, to a certain degree,
proportional to the change of coefficient �0. It is noticeable that
among all results obtained, the influence of coefficient �0 on the
radial displacement is the most significant.

The effect of coefficient �1 on deformation and stress is
investigated by setting its values to be 0, �1, and �2, respectively.
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The calculated dimensionless stresses and radial displacement
results are depicted in Figs. 6a and 6b, in which subscripts 1, 2, and 3
indicate �1 � 0, �1 ��1, and �1 ��2, respectively.

It can be observed that the variation of�1 from 0 to�1 has a bigger
effect on the circumferential and axial stresses and radial
displacement than the change of �1 from �1 to �2. When �1
varies from �1 to �2, the circumferential stress, axial stress, and
radial displacement at the inner surface are changed by 1.2, 1.1, and
3.1, respectively. However, when �1 is changed from 0 to �1, the
changes of the same results are increased to 3.4, 3, and 8.3,
respectively. The effect of �1 on the axial stress and radial
displacement at the outer surface is more significant than at the inner
surface.

Finally, the influence of the coefficient �2 on deformation and
stress in the cylindrical vessel is also evaluated. For this, the
coefficient �2 is set to be 1.5, 4.5, and 7:5 1=m and all other
coefficients are kept unchanged. The obtained dimensionless stresses
and radial displacement results are shown in Figs. 7a and 7b, inwhich
subscripts 1, 2, and 3 indicate �2 � 1:5, �2 � 4:5, and
�2 � 7:5 1=m, respectively.

When coefficient �2 is increased from 1.5 to 4:5 1=m, small
changes are observed for all stresses and radial displacement results.
However, when coefficient �2 increases from 4.5 to 7:5 1=m, bigger
changes of the circumferential and axial stresses and radial
displacement results are apparent. The influence of coefficient �2 on

the circumferential stress at the inner and outer surfaces is similar.
However, it has more obvious effect on the axial stress and radial
displacement results at the outer surface than at the inner surface, as
shown in Fig. 7b.

Conclusions

This study provides a new, accurate, and efficient analytical
solution to predict deformations and stresses in thick-walled
cylindrical vessels that have a varyingYoung’smodulus and thermal
expansion coefficient and are subjected to internal pressure and
uniform temperature change. A number of conclusions can be drawn
as follows:

1) For the cylindrical vessel made of a particular functionally
graded material, the deformation and stress results obtained from the
proposed method in comparison with a numerical-based approach
demonstrate that the analytical solution is numerically accurate and
computationally efficient.

2) The results show that the deformations and stresses of
functionally graded cylindrical vessels behave quite differently from
those with constant material properties. Therefore, the proposed
analytical solution provides a robust and adequate solution to predict
the deformations and stresses in functionally graded cylindrical
vessels. Also, this methodmay be easily implemented and applied to
practical design and analysis procedures.

3) In the parametric study of the effect of material properties, all
material coefficients of Young’s modulus and thermal expansion
coefficient greatly influence the deformations and stress results.
Careful consideration in choosing these material coefficients for the
design of a proper functionally graded material can obviously
improve the performance of thick-walled cylindrical vessels.
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